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RESEARCH REPORT

James and Kinderlehrer gave a new theory of magnetostriction and have investigated the
microstructure and behavior of the highly magnetostrictive material TbDyFe 2 (terfenol). One
of the main conclusions of this work is that the growth twins in this material do not inhibit
the magnetostriction, as was thought by most workers in this field. Further improvements in
the material will be limited with regard to the maximum achievable magnetostrictive strain. We
propose that to achieve maximum magnetostriction, the material exchanges coarse domains for
fine ones. The coarse domains exhibit an exactly coherent structure while the fine phase domain
arrangement is only coherent in an average sense. We still think (as described in our proposal) that
the best hope for materials with much larger magnetostriction is by combining the shape-memory
and magnetostrictive effects. We are currently studying what desirable features an energy function
for such a material should have, and we have come up with several possibilities.

Our theory of martensitic transformations continues to have additional applications. A wide
variety of microstructures, including simple and complex twin crossings, layers within layers, lam-
inate patches, and wedge-like microstructures observed in CuAlNi are accurately predicted by the
theory.

James and Miller continued work on the passage from molecular to continuum theory for
magnetism. We think that this type of calculation - the direct derivation of continuum theory from
atomic theory - is very promising. These calculations are similar to our microstructure calculations
in that weak convergence methods play an important role, except that it is the molecular fields that
undergo rapid oscillation. We think that it should be possible to derive new continuum theories in
this way.

Ball and James continued research on metastability and hysteresis. The goal is to predict the
size of the hysteresis loops observed by C. Chu in his biaxial loading experiments on martensitic
Cu-Al-Ni single crystals. His observations on the role of imposed disturbances suggest to us an
approach based on calculating the relative minimizers of free energy; these calculations allow large
disturbances of the deformation gradient but small disturbances of the deformations. The key idea
is that, for reasons of geometric compatibility, a small nucleus of the energetically preferred phase
necessarily must be surrounded by a transition layer. The energy penalty for this layer is more
than the energy gained due to the presence of the small nucleus. This leads to metastability. The
comparison with experiment is good so far.

Kinderlehrer and Ma have studied the computation of magnetostrictive configurations. They
are able to produce hysteresis loops for the linear magnetostrictive material, and now have an
understanding of the origins of hysteresis in these materials. The basic mechanism is local stability,
as discussed above, but not related to geometric compatibility. The computed hysteresis loop does
not collapse as the rate of change of the applied field goes to zero. The stability criterion which they
have derived from this idea provides a good estimate of the critical field where the system enters
an unstable regime analogous to the known Stoner-Wohlfarth condition. This analysis is based
on replacing the entire computational system with a simple finite dimensional system intended to
mimic the behavior of the closure domains observed in the computation. The major feature is an
appropriate discretization of the demagnetization energy. This energy plays an important role in
the behavior of large magnetic bodies, like Terfenol actuators. Also underway is the computation
of a linear elastic two-dimensional model for the behavior of a twinned dendritic microstructure.



Relaxation of non-convex energy functionals remains a high priority in understanding the actual

configurations attained by a material system. Often, in addition to deformation, other quantities

appear in the energy. Recently, together with Fonseca and Pedregal, Kinderlehrer has attacked this

issue. Beginning from the theory developed with Pedregal about weakly convergent minimizing

sequences, it was shown possible to introduce minimizing sequences which both preserve (convex)

constraints and integrability. In a companion paper, they treat the case of bounded variation.

Luskin and his research group have developed computational methods which now enable the

theory to be used to predict the response of martensitic crystals with microstructure to a much wider

class of boundary loads and temperature variations than those accessible to analytic techniques.

Our computational program has motivated the development of theory which can give quantitative

predictions about experiments. One successful example of this synergy was our development of the
energy density for an indium-thallium alloy which we used in our three-dimensional computations

of equilibria and dynamics for this crystal with general boundary loads and temperatures (Collins

and Luskin [1993], Kloueek and Luskin [1994a, 1994b]).
Since the computed deformation gradient approximating the deformatioti gradient of a solution

with microstructure cannot be expected to converge pointwise under mesh refinement, we intro-
duced a theory for the numerical analysis of microstructure which we used to rigorously analyze
the convergence of the finite element approximation of several model problems. We showed that an
approximate Young measure (which measures the oscillatory behavior of the computed deformation

gradient) converges to the Young measure of the solution, and we also proved the convergence of the
macroscopic variables defined by the integral of nonlinear functions of the approximate deformation
gradients. Our theory for the analysis of numerical methods for microstructure has also allowed us
to develop practical guidelines for the development of effective and efficient computational methods

(Collins, Luskin, and Riordan [1993], Kloueek, Li, and Luskin [1994]).
Luskin and his research group have developed methods and a code to investigate dynamical

phenomena associated with martensitic transformations modeled by the balance of linear momen-

tum
pytt, V (x,t)EQX(0, ), (1)

where p is the density, a(Vy(x, t), O(x, t)) is the total stress tensor, and the temperature O(x, t) is

given. Since in our theory

a(F, 0) = OF + surface stress + viscous stress
OF

where W(F, 0) is the Helmholtz free energy density, the multi-well structure of the Helmholtz
free energy density leads to an ill-posed problem (in the absence of surface stress and viscous

stress) for the linearized momentum equation about some strains. We have developed stable time-
discretization methods and efficient techniques for the solution of the linear equations at each time
step even though the energy density if non-convex (Klou•ek and Luskin [1994b]).

Our computational experiments have simulated the development of martensitic microstructure
and the propagation of the austenitic-martensitic phase boundary which separates the homogeneous
austenitic phase from the microstructured martensitic phase (Kloudek and Luskin [1994a, 1994b]).
We have also done computational studies of the effects of surface stress and viscous stress on the
dynamics (Klou~ek and Luskin [1994b]). We have recently developed methods and an extension of
our code which includes thermal effects by solving (1) with the equations for the balance of energy

pet = .Vyt -V. q, (2)

for the deformation and temperature where e(Vy(x, t), O(x, t)) is the internal energy density and

q(Vy(x,t),O(x,t), VO(x,t)) is the heat flux.
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We used our theory of numerical analysis for microstructure to give a rigorous analysis of
the convergence of a finite element approximation of the magnetization for a ferromagnetic crystal
(Luskin and Ma [1992]), and we have developed an extension of the simulated annealing algorithm
to solve the numerical optimization problem (Luskin and Ma [1993]). These techniques are being
extended to magnetostriction problems (Kinderlehrer and Ma [1994]).

Recently, Abeyaratne, Chu and James have investigated the influence of microstructure on
kinetics. The presence of microstructure introduces many little wiggles on the macroscopic energy.
They consider gradient-flow kinetics of such energies, which they analyze by a change of scale
calculation. The resulting macroscopic kinetic law is completely different from the microscopic
one; it shows remarkably good agreement with the dynamic observations of Chu under a wide
variety of imposed loading programs.

Bhattacharya, James and Swart [1994] have given a new theory of shuffling and have discussed
its implications for hysteresis in shape memory materials that exhibit this phenomenon.

Our theories and computational results are being studied intensely in the mathematical com-
munity, and are gaining acceptance by materials scientists. In certain cases they have made definite
predictions which have preceded the corresponding experiment; these predictions have subsequently
shown excellent agreement with experiment (Chu [1993], James and Kinderlehrer [1994], Bhat-
tacharya, James and Swart [1994]). In other cases the theories have been used to design entirely
new experiments (Ball and James [1992], Chu, James and Miyazaki [1994]). These experiments
have especially revealed the three dimensional behavior of transforming materials. These tests have
also given a wide range of new observations, especially relating to hysteresis.
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Progress in the Theory and Application of the Finite Element Method II, Chalmers University of Technology,

Gothenburg, Sweden, August 28, 1993
Center for Nonlinear Partial Differential Equations, Delft Institute of Technology, Delft, Netherlands, August

31, 1993
The Finite Element Method: Fifty Years of the Courant Element, University of Jyvgskyli, Jyviiskylý, Finland,

September 2, 1993
Courant Institute, New York University, New York, December 2, 1993
Institute for Advanced Study, Princeton, New Jersey, December 6, 1993
University of California, Los Angeles, January 3, 1994
SIAM Conference on Emerging Issues in Mathematics and Computation from the Materials Sciences, Pitts-

burgh, Pennsylvania, April 18, 1994
Massachusetts Institute of Technology, Department of Mechanical Engineering April, 28, 1994
Brown University, Department of Applied Mathematics April 29, 1994
European Conference on Elliptic and Parabolic Problems, Pont-h-Mousson, France, June 13, 1994
University of Crete, Greece June 21, 1994
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